Working with Hamiltonians from chiral effective field theory, we develop a novel framework for arbitrary deformed medium-mass nuclei by combining the in-medium similarity renormalization group with the generator coordinate method, which we use to build collective correlations into reference states that are the basis for subsequent renormalization-group evolution. We use the generator coordinate method a second time to diagonalize the evolved Hamiltonian, and compute the double-beta matrix element that governs the neutrinoless double beta decay of Ca 48 to Ti 48 , which we find to have the value 0.61, smaller than the predictions of most phenomenological methods.
Introduction. The discovery that neutrinos oscillate [1] [2] [3] [4] and thus have mass has increased the significance of neutrinoless double beta (0νββ) decay [5] , a hypothetical rare nuclear transition in which a parent nucleus decays into a daughter with two fewer neutrons and two more protons, while emitting two electrons but no (anti)neutrinos. The search for this lepton-number-violating process has become a priority in nuclear and particle physics; its observation would have fundamental implications for the nature of neutrinos, physics beyond the Standard Model, and cosmology. 0νββ decay can be caused by the exchange of heavy particles in theories that violate lepton number, but whatever the cause, a nonzero decay rate implies a contribution from the exchange of a light Majorana neutrino, and we focus on that contribution here. If it is the dominant one the inverse 0νββ half life can be written in the form, 
where m e is electron mass and g A the axial-vector coupling constant. The phase-space factor G 0ν ∼ 10
can be evaluated precisely [6] [7] [8] . The effective Majorana neutrino mass m ββ = k U 2 ek m k contains physics beyond the standard model through the masses m k and the elements U ek of the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix that mixes neutrino flavors. Certain combinations of these parameters have been measured, but we still do not know the individual masses m k and the combination m ββ . Equation (1) provides a way to determine m ββ from a measured half life (which must be significantly longer than that of any other process ever observed) if the nuclear matrix element (NME) M 0ν is known. Since the NME cannot be measured, a first-principles calculation is crucial.
Formulating the calculation is straightforward. The NME M 0ν = F|O 0ν |I , where F and I label the ground states of the final and initial nuclei, involves a transition operator that in the closure approximation is [9] O 0ν = 4πR g (2) Here R = 1.2A 1/3 is the nuclear radius given by the mass number A, q is the momentum transfer, J † µ is the nuclear current operator, and E d is an average excitation energy, to which the matrix element is not sensitive. We neglect short-range effects that are often mocked up by Jastrow functions, the effects of which are small, and also neglect for now very-high energy virtual neutrinos and meson exchanges that induce additional operators in chiral effective field theory [10, 11] . Although it is easy to specify what to calculate, the NMEs predicted by nuclear models differ from one another by factors of up to three, leading to an uncertainty of about an order of magnitude (at least) in the half-life, given a value of m ββ [12] . It is difficult to reduce this uncertainty because each model has its own phenomenology and uncontrolled approximations. Several groups have therefore begun programs to calculate the NMEs from first principles, taking advantage of a flowering of ab initio nuclear-structure theory in the last couple of decades [13] [14] [15] [16] [17] [18] [19] . Applying the new ab initio methods to ββ decay, however, poses a major challenge. The nuclei that are used in experiment are generally heavier and more structurally complicated than those examined so far, and the 0νββ NME entails a much more involved calculation than do expectation values of the Hamiltonian or other simple observables. Recently, ab initio quantum Monte Carlo methods have been used to calculate NMEs [20] , but only in very light nuclei that are not of interest to experimentalists.
Among the ab initio methods that can be applied to heavier nuclei, the in-medium similarity renormalization group (IM-SRG) [21, 22] , seems particularly promising because the time and memory required to complete a calculation depend polynomially on the size of the single-particle basis used, and only indirectly on the nuclear mass. Like the related coupledcluster approach [17] , the method has thus far been applied only to spherical nuclei. Here, we extend the IMSRG to de-formed nuclei by combining it with the generator coordinate method (GCM) [23, 24] , which successfully describes nuclei with complex shapes in nuclear density functional theory [25] [26] [27] . We apply the new approach to compute the NME for the 0νββ decay of Ca 48 to the deformed nucleus Ti 48 . Our method is ab initio in that it starts from a two-nucleon (2N) plus three-nucleon (3N) interaction that is derived from chiral effective field theory, with parameters fit in the lightest nuclei, and proceeds through a series of steps that with enough computing power would constitute an exact solution of the resulting Schrödinger equation. Ca 48 makes for a useful first application because it is the lightest candidate nucleus for an experiment, and a program to use it already exists [28] .
Methods. We employ a Hamiltonian, with the center-ofmass piece subtracted off, that has the form
is the next-to-next-to-next-to leading order (N 3 LO) twonucleon interaction with initial cutoff Λ = 500 MeV/c of Entem and Machleidt [29] , evolved to a resolution scale λ = 1.8 fm
by the free-space SRG [30] . The accompanying next-to-next-to-leading order (N 2 LO) 3N interaction is constructed directly at a chiral cutoff of Λ = 2.0 fm
, to avoid carrying out 3N SRG evolution. It is stipulated that the evolution's effects can be absorbed into the lowenergy constants c D and c E , which are tuned to reproduce the triton binding energy and the charge radius of He 4 [31, 32] . We will refer to these interactions as EMλ/Λ, e.g., EM1.8/2.0. In working with V (3N)
, we drop beyond-two-body terms after normal-ordering with respect to an A = 48 reference state, in a procedure that defines the normal-ordered two-body (NO2B) approximation. We also drop three-body matrix elements involving states whose single-particle energies e i (in units of ω, the harmonic-oscillator spacing for our working basis) sum to e 1 + e 2 + e 3 > E 3max = 14.
Starting from the Hamiltonian (3), we use the HartreeFock-Bogoliubov (HFB) method, with variation after particlenumber projection, to find the best quasiparticle vacua that include correlations due to pairing and axial deformation with well-defined parity in both 48 Ca and 48 Ti. Such correlations are hard to generate in the particle-hole-like expansion picture underlying the IMSRG and related methods [22, 33, 34] , which is why these states are ideal complementary starting points for the IMSRG evolution of operators (see Refs. [18, [35] [36] [37] [38] for other approaches to this issue). Because our matrix-element calculation requires the ground states of both nuclei, we extend ideas from Ref. [39] to correlated states. We employ a mixed (ensemble) reference state defined by a density operator ρ = α=I,F c α |Φ α Φ α |, where the |Φ α are the symmetry-restored states with J π = 0 + , obtained by projecting the lowest-energy quasiparticle vacua in each nucleus onto good angular momentum as well as particle number, and c I + c F = 1. As we show later, we can vary the mixing coefficients c α widely without affecting the computed NME. Having fixed our reference ensemble, we normal order the Hamiltonian (3) with respect to it by using the techniques of Refs. [40, 41] and decouple it from all its numberconserving excitations by applying a unitary transformation
, where Ω(s) is an anti-Hermitian many-body operator determined by the flow equation [42] 
and s is a time-like flow parameter that becomes large during the flow. Here, the B n=0,1,2,··· are the Bernoulli numbers, ad
0 Ω (η) = η, and η(s) is the generator of the IMSRG transformation. We use the Brillouin generator [22] , which is essentially the gradient of the energy with respect to the parameters that specify the local sdependent transformation. Using Ω(s), we can construct any transformed operator O(s) via
truncating all operators at the NO2B level. Because our reference ensemble contains projected quasiparticle vacua in both 48 Ca and 48 Ti, neither of those states alone is an eigenvector of the transformed Hamiltonian, but both should be reasonable approximations. (The point of using an ensemble reference is to obtain a single set of operators, rather than a set for each nucleus as in Ref. [43] .) Because the IMSRG evolution eliminates components in which just a few particles are excited, we should be able to obtain close-to-exact eigenvectors of the evolved Hamiltonian by admixing states that differ in their collective correlations. Thus, we use the evolved Hamiltonian to carry out a second set of projected-HFB calculations, which generate an entire group of number-projected quasiparticle vacua |Φ ZN (Q) with Q = {q 2µ , φ np } representing quadrupole mo-
Here, we define the isoscalar pairing operator as [44] 
whereˆ ≡ √ 2 + 1, and L, J, T are the coupled orbital angular momentum, total angular momentum, and isospin of the proton-neutron pair (with the zero subscripts representing z projections). We construct low-lying states by further projecting the number-projected quasiparticle vacua onto states with well defined angular momentum J, |JMZN(Q i ) ≡ P J M0 |Φ ZN (Q i ) (there is no need for K-mixing since axial symmetry is preserved), and superposing the fully projected states via the GCM, The weights F JZN (Q i ) are determined by the variational principle, which leads to the Hill-Wheeler-Griffin equation [24] . To solve this equation, we first diagonalize the norm matrix and construct the orthonormal natural basis by removing states with eigenvalues below some cutoff value. Then, we diagonalize the Hamiltonian in the reduced subspace.
We note that because we are always using Hamiltonians in our approach, we do not suffer from spurious divergences and discontinuities that affect GCM applications based on nuclear energy density functionals [45, 46] .
Results and discussion. , where A is the mass number, and γ ≡ arctan √ 2q 22 /q 20 . For convenience, we use the bare rather than the evolved quadrupole operators to define β 2 and γ; this has no effect on our computed observables. The figure shows that Ca 48 has a pronounced energy minimum at a spherical shape, and that the energy of Ti 48 has a similarly pronounced minimum at a prolate shape with β 2 ∼ 0.2 and γ = 0.0. The effect of triaxiality on the low-lying states of both nuclei and on the NME should be negligible.
We compute all quantities with the chiral interactions discussed above, and with a range of values for e max and ω (see supplemental material for details.) For the EM1.8/2.0 interaction, which produces satisfactory ground-state and separation energies through mass A ∼ 80 [47] [48] [49] , we obtain extrapolated ground state energies of -418.26 MeV and -422.27 MeV for Ca 48 and Ti 48 , respectively. Our calculation reproduces the ordering for the ground states of the two nuclei, but our Q-value Q ββ =5.57 MeV is somewhat larger than the experimental value 4.26 MeV. Figure 2 shows the low-lying spectrum of Ti 48 for the same interactions. The spectrum is clearly rotational, though MeV differ by no more than 3 % from e max = 6 through e max = 10. For other observables, the convergence is less obvious. The part of the E2 operator induced by the IMSRG flow alters the B(E2)'s by less than 10%, suggesting that the matrix elements of this long-range operator are baked into the reference ensemble. We thus do not expect the differences between the E2's in the middle two spectra to be significantly reduced by expanding the number of shells. Surprisingly, even a drastic change of the coefficients (c I , c F ) that specify the contributions of Ca 48 and Ti 48 in the reference ensemble from (0.5, 0.5) to (0.1, 0.9) changes the g.s. energy by a mere 100-200 keV, excited states by 5% or less, and the B(E2) by only 1%. We turn now to the 0νββ NME, which we compute with the usual parameterizations of the nuclear current operator [51] . 2 ; the significant average deformation of 48 Ti means that the NME will be suppressed. This result echos the findings of multi-reference EDF calculations [52, 53] , which show that the NME is strongly quenched if the initial and final nuclei have different shapes. Figure 3 (c) and (d) illustrate how the NME is affected by isoscalar pairing, which was shown to have a significant impact in valence-space GCM calculations with empirical interactions [54] , [55] . tude as a generator coordinate for the time being. Table I (∞) = 0.57, with an extrapolation uncertainty range of (+0.08, −0.1); with ω = 12 MeV we get 0.66 with a range of (+0.03, −0.10). With the constraint that the extrapolated values be the same for both oscillator frequencies, we obtain M 0ν (∞) = 0.61 with an extrapolation uncertainty range of (+0.04, −0.05). All the central values are smaller than the predictions of most phenomenological models. They also carry additional uncertainties, including truncation of the flow equations at the NO2B level, that are hard to quantify at present and will be investigated more closely. We have not included an isoscalar pairing coordinate, which reduces the NME by about 17 % independently of e max , for reasons discussed above. The oscillation with e max for EM2.0/2.0 prevents a similar analysis there.
Finally, it is worth commenting on the renormalization of the NME. The effect of the IMSRG flow is significant: With the unevolved 0νββ operator, the NME for EM1.8/2.0 at ω = 16 MeV and e max = 8 is 0.31 instead of 0.78. A more careful analysis shows that the flow incorporates the effects of pairing in high-energy orbitals, greatly enhancing the J = 0 contribution to the NME. Breaking down the NME by the distance between the decaying nucleons, we confirm that while the largest contribution comes from a peak around 1 fm (cf. [60] ), the NME is not purely of short-or long-range character (see supplemental material). Thus, effects from evolving the initial 0νββ operator to the same resolution scale as the interaction will also need to be considered in future fully consistent calculations.
Conclusions. In this Letter, we have reported the first abinitio calculation of the spectrum and transition probabilities in a deformed medium-mass nucleus and significant progress in the ab initio computation of the nuclear matrix element for the neutrinoless double-β decay of Ca 48 . Our primary tool is a novel multireference method for deformed nuclei that combines IMSRG and GCM. With this approach, we reproduce the low-lying (collective) spectrum of Ti 48 satisfactorily. The first B(E2) value, which is generated by a long-range operator, is approximately right in our calculation, but with a significant dependence on ω that does not decrease as we enlarge the model space to e max = 10. In a way this result confirms the ideas behind our method -that truncations keep the IM-SRG from capturing collective correlations, which we obtain by embedding them in the reference state instead. Fortunately, although the NME is correlated with the B(E2) value, the correlation is not strong.
Our best estimate of the NME with EM1.8/2.0 is M 0ν = 0.61, while with EM2.0/2.0 it would be a few percent larger. These values are smaller than the predictions of most phenomenological approaches [12] . An isoscalar pairing coordinate reduces the NME by about 17 %, but the effect might be smaller when the calculation also builds in isovector pairing fluctuations [58] .
To assign an overall error bar, we will go beyond the NO2B level (see [33] for proof-of-principle results), explore more correlation in the GCM, and consistently treat contributions to the 0νββ operator from higher orders in chiral effective field theory, including many-body currents [61, 62] . We must also treat a leading-order contact operator [10] with a coefficient that is currently unknown. We do not expect any of these steps (with the possible exception of introducing the contact operator) to dramatically change the matrix element, however, and we plan to apply our methods to heavier nuclei, such as Ge 76 and Xe
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IMSRG-Evolved Neutrinoless Double Beta Decay Operator
In the IMSRG flow, the evolved 0νββ decay operator is calculated with the BCH formula,
] is illustrated schematically with Goldstone diagrams in Fig. 8 . The correction from this term to the operator goes to all the terms in the BCH formula. We find that the contribution from the one-body part (first two columns in Fig. 8 
] is negligible. The contribution of the diagrams in the third and four columns enhances the two-body matrix elements, while that of the last column quenches the matrix elements. Figure 9 displays that the NME is very sensitive to the quadrupole deformation of Ti 48 , but not much to the e max for a given deformed state with the same β (F) 2 value. Moreover, one can see that the NME by ω = 12 MeV is systematically larger than that by ω = 16 MeV. However, as we find, the E2 transition strengths by the former is also systematically larger than the later. Because of negative correlation between the NME and E2 transition strength, these two interactions pre- dicts a similar value for the NME in the final IMSRG+GCM calculation. Figure 10 shows that the NME is insensitive to the triaxial γ deformation of Ti 48 . The inclusion of triaxiality in the GCM calculation is thus expected to be negligible. Figure  11 displays the sensitivity of the NME to the neutron-proton isoscalar pairing amplitude φ np in both initial and final nuclei for a given quadrupole deformation parameter. It is seen that the NME is almost independent of φ We can analyze the NME further by breaking it down into contributions from different distances between the decaying nucleons and partial waves. For the former, we introduce the distribution C 0ν (r 12 ), defined by
Configuration-Dependence of the Nuclear Matrix Element
with r 12 = |r 1 − r 2 | the relative distance between the two neutrons that are transformed into protons. Figure 12 shows distributions of the NME corresponding to the transition from spherical Ca 48 to Ti 48 with different quadrupole deformation and isoscalar pairing amplitude. One can see that the quadrupole correlation quenches the NME in both the long-ranged and short-ranged region. In contrast, the isoscalar pairing quenches the NME mainly in the shortranged region. The distributions with deformed final states are qualitatively similar to those obtained in phenomenological shell-model calculation of Ref. [60] , featuring the appearance of a robust node at r 12 ≈ 2.0 fm.
We decompose the C 
where
with (pp )J|Ō 0ν (r 12 )|(nn )J being the normalized IMSRG evolved two-body transition matrix element in harmonic- oscillator basis and the two-body transition density
) .
(12) Figure 13 displays the r-dependence of the C J pp nn (r 12 ) from the first six largest two-body transition densities. It is seen that the cancellation between J = 0 and J = 2 components is the main mechanism responsible for the node around r 12 = 2.0 fm, before and after which point the contribution to the total NME is opposite. It is the large negative contribution from the J = 2 components arising from the strong quadrupole collectivity in Ti 48 quenches the NME strongly.
Extrapolation to Infinite Model Space
To get a reliable estimate of the NME extrapolated to infinite model space and its error in the presence of uncertainty in the calculation results, we perform Bayesian inference on the parameters of the exponential formula M Figure 14 . We use normal priors for the extrapolated value (µ = 0.5, σ = 1) and for the value at e max = 6, where the expectation value is set to the central value of the calculation result and we set σ = 0.2 to allow for some variation in the extrapolating curve. The prior for the decay constant is a truncated normal distribution (µ = 0.5, σ = 2) with the probability density for values less than zero removed in order to get a decaying exponential. We assume Gaussian uncertainties on the resulting values of the NME.
First, we perform inference separately on the e max sequences for both oscillator frequencies. The uncertainty on the value of the NME at finite e max allows for two solutions, one with a large decay constant and an extrapolated value in the region of 0.6, and one with a small decay constant and very low extrapolated value. This leads to a posterior distribution of the extrapolated value with a very long tail ranging into negative NME values. However, the bulk of the probability is concentrated in a rather small interval. For these reasons, we use the mode of the posterior as a point estimate and the 68 % highest posterior density credible interval to define its uncertainty. For ω = 16 MeV, we get an extrapolated value of 0.57 with an extrapolation uncertainty range of (+0.08, −0.1), the result for ω = 12 MeV is 0.66 with extrapolation uncertainty range (+0.03, −0.1). To improve upon this and to get rid of the long tails in the posterior distribution, we also perform a combined fit where the extrapolated value is constrained to be the same for both oscillator frequencies while the other parameters are independent. The inference on the combined data set yields a much more narrow distribution of the extrapolated value and reduces the probability of the slowly decaying solutions. The extrapolated value in this case is 0.61 with an extrapolation uncertainty range (+0.04, −0.05).
